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Heavy even-even nuclei exhibit low-energy collective excitations that are separated in scale from
the microscopic (fermion) degrees of freedom. This separation of scale allows us to approach nuclear
vibrations within an effective field theory (EFT). In odd-mass nuclei collective and single-particle
properties compete at low energies, and this makes their description more challenging. In this article
we describe odd-mass nuclei with ground-state spin I = 1/2 by means of an EFT that couples a
fermion to the collective degrees of freedom of an even-even core. The EFT relates observables such
as energy levels, electric quadrupole (E2) transition strengths, and magnetic dipole (M1) moments
of the odd-mass nucleus to those of its even-even neighbor, and allows us to quantify theoretical
uncertainties. For isotopes of rhodium and silver the theoretical description is consistent with data
within experimental and theoretical uncertainties. Several testable predictions are made.
I. INTRODUCTION
Collective modes such as rotations and vi-
brations are often the lowest-lying excitations
in heavy nuclei [1], and these phenomena can
be understood in terms of collective models [2–
9] of the atomic nucleus. In odd-mass nu-
clei, collective excitations compete with single-
particle excitations already at low energies. The
well known particle-rotor, particle-vibrator, and
boson-fermion models couple the odd fermion to
the collective (boson) degrees of freedom [10–
22]. While these models successfully describe
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† present address
various aspects of odd-mass nuclei, it is difficult
to systematically improve them, or to give the-
oretical uncertainties for the computed results.
In this paper, we want to re-examine odd-
mass nuclei within an EFT that couples a
fermionic degree of freedom to the bosonic de-
grees of freedom of the even-even nucleus. EFTs
provide us with systematically improvable ap-
proaches to nuclear interactions [23–27], clus-
tering in nuclei [28–30], nuclear rotations [31–
35] and vibrations [36]. They also allow us to
quantify theoretical uncertainties [37–40]. This
is an advantage over traditional models. EFTs
also allow us to derive relations between observ-
ables (opposed to relations between model pa-
rameters and observables), and this makes their
application interesting even in cases where mi-
croscopic approaches to nuclear collective phe-
nomena are available [41–47].
As EFTs are based on a separation of scales,
we remind the reader about the relevant low-
energy scales in heavy nuclei. In heavy de-
formed even-even nuclei, rotational excitations
(at about 0.1 MeV or less) are separated in
scale from vibrations (at about 0.8 MeV), which
in turn are separated from fermion excitations
such as pair breaking (at about 2-3 MeV). In
heavy spherical even-even nuclei, vibrations (at
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2an energy ω ≈ 0.6 MeV) are lowest in energy
and separated from fermion excitations such as
pair breaking at about Λ ≈ 2-3 MeV. In the
recently proposed boson EFT for nuclear vibra-
tions [36], the fermion energy scale is the break-
down scale, and the “small” expansion param-
eter is ω/Λ ≈ 1/3.
In this work we construct an EFT for odd-
mass nuclei with spin 1/2 in their ground states
by coupling an odd nucleon in a j = 1/2 or-
bital to the quadrupole degrees of freedom that
govern the collective vibrations of an even-even
nucleus. Based on a power counting we sys-
tematically construct the Hamiltonian and elec-
tromagnetic operators. Another interesting as-
pect of this EFT approach is the simultaneous
description of the even-even and neighboring
odd-mass nuclei; consequently, observables in
the even-even nucleus are related to observables
in the odd-mass system. These relations can
be confronted with experimental data. In this
work, we will compute E2 and M1 observables
for odd-mass isotopes of rhodium and silver.
This is also interesting with view on recent g fac-
tor measurements in this region of the nuclear
chart [48, 49]. The paper is organized as fol-
lows. In Section II, we present the EFT frame-
work within which the even-even/odd-mass nu-
clei will be described, establish a power count-
ing and describe energy spectra at next-to-next-
to-leading order. Sections III and IV are dedi-
cated to the study of moments and transitions
of the E2 and M1 operators, respectively. In
Section V we discuss the possible extension of
the EFT to the more complicated case posed
by cadmium isotopes. Finally, in Section VI we
present our summary.
II. ODD-MASS VIBRATIONAL NUCLEI
Certain even-even nuclei (such as isotopes of
Cd, Ru, and Te) exhibit low-energy states that
resemble those of a five-dimensional quadrupole
oscillator. In these nuclei, the vibrational fre-
quency ω ≈ 0.6 MeV is the energy scale of in-
terest, and the picture of a quadrupole vibrator
breaks down at an energy Λ ≈ 2-3 MeV, i.e.
around the three-phonon level. The breakdown
scale Λ is associated with neglected microscopic
(fermionic) degrees of freedom and is of similar
size as the pairing gap. Thus, ω  Λ holds,
and this separation of scale has been exploited
in Ref. [36] to construct an EFT for nuclear vi-
brations.
The spectra of certain odd-mass neighbors
of vibrational nuclei are relatively simple and
suggest that these result from coupling a jpi =
1/2
−
fermion to the even-even nucleus. Exam-
ples we consider in this paper are 99,101,103Rh
and 105,107,109,111Ag as a proton coupled to
98,100,102Ru and 104,106,108,110Pd, respectively,
or 107,109,111Ag as a proton-hole in 108,110,112Cd.
These cases are particularly simple because one
deals with a jpi = 1/2
−
degree of freedom. We
note here that the odd-mass nuclei considered
in this work also exhibit very low-lying (100 keV
or less) states with positive parity. As a single
fermion cannot undergo parity-changing transi-
tions, the positive-parity states can be neglected
in the description of low-lying negative-parity
states in the odd-mass nuclei.
Could one also attempt to describe, for in-
stance, 108,110,112Cd in terms of two protons
added to 106,108,110Pd, respectively? In such
an EFT approach, the low-lying positive-parity
states of 107,109,111Ag would also need to enter
the description. The calculation would be non-
perturbative (because of the near degeneracy of
states with positive and negative parities in the
odd-mass nucleus), and a significant number of
fermionic two-body-matrix elements would en-
ter as low energy constants (LECs). It is thus
unclear whether such an EFT approach would
be profitable.
A. Hamiltonian
Before we turn to the odd-mass nuclei, we
briefly review some aspects of the EFT for nu-
clear vibrations in even-even nuclei [36]. The
relevant degrees of freedom are quadrupole op-
erators d†µ and dµ with µ = −2,−1, ..., 2 that
create and annihilate a phonon, respectively.
They fulfill the usual boson commutation rela-
3tions [
dµ, d
†
ν
]
= δµν . (1)
We note that d†µ and
d˜µ = (−1)µd−µ (2)
are spherical tensors of rank two. The angular
momentum operator for the quadrupole degrees
of freedom is the vector
Jˆ =
√
10
(
d† ⊗ d˜
)(1)
. (3)
We recall that the coupling of the spherical ten-
sors M(m) and N (n) of ranks m and n, respec-
tively, to a spherical tensor K(k) of rank k is
denoted as
K(k) =
(
M(m) ⊗N (n)
)(k)
, (4)
and the corresponding components
K(k)κ =
∑
µν
CkκmµnνM(m)µ N (n)ν (5)
are given in terms of the Clebsch-Gordan coeffi-
cients Ckκmµnν that couple the angular momenta
m and n to spin k [50]. Similarly, the scalar
product of two spherical tensorsM(I) and N (I)
of the same rank I is [50]
M(I) · N (I) = √2I + 1
(
M(I) ⊗N (I)
)(0)
(6)
The boson Hamiltonian is
Hˆb = ω1Nˆ + gN Nˆ
2 + gvΛˆ
2 + gJ Jˆ
2. (7)
Here,
Nˆ ≡ d† · d˜ (8)
and
Λˆ2 ≡ − (d† · d†) (d˜ · d˜)+ Nˆ2 − 3Nˆ (9)
are the boson number operator and the SO(5)
equivalent of the SO(3) angular momentum
squared operator Jˆ2. For more details on the
later operator and its eigenvalues see, for ex-
ample, Ref. [9]. The first term on the right-
hand side of Eq. (7) is of order ω. This leading
order (LO) term is the Hamiltonian of a five-
dimensional harmonic oscillator. The remaining
terms in the Hamiltonian (7) account for finer
details at order ω3/Λ2. These corrections in-
troduce anharmonicities. The power counting
of the EFT is in powers of the small param-
eter ω/Λ. For details, we refer the reader to
Ref. [36].
The fermion is described in terms of fermion
creation and annihilation operators a†ν and aν
respectively, that fulfill the usual anticommuta-
tion relations {
aµ, a
†
ν
}
= δµν . (10)
In most of this paper, ν = −1/2, 1/2. The corre-
sponding angular momentum operator is
jˆ =
1√
2
(
a† ⊗ a˜)(1) , (11)
and the fermion number operator is
nˆ = a† · a˜. (12)
Here, we used the spherical rank-1/2 tensor a˜
with components
a˜ν ≡ (−1)j+νa−ν . (13)
The fermion Hamiltonian
Hˆf = −Snˆ−∆nˆ(nˆ− 1) (14)
consists of a one-body term and a two-body
term. We note that the term nˆ(nˆ − 1) is
the unique two-body interaction for spin-1/2
fermions restricted to a single jpi = 1/2
+
shell.
We do not need to consider other Hamiltonian
terms such as jˆ2 ∝ nˆ(2− nˆ) or nˆ2 because these
are linear combinations of the terms already in-
cluded in the Hamiltonian (14).
The Hamiltonian (14) is not the Hamilto-
nian of free fermions but rather captures the
interactions between fermions and the ground
state of the vibrating core. Let us discuss the
energy scales S and ∆. For a particle (hole)
4added to the even-even vibrator, S ≈ 8 MeV
(S ≈ −8 MeV) is of order of the separation
energy, while ∆ ≈ 2 MeV is of the order of a
paring gap. The attractive interaction between
two nucleons (with isospin one) fail to bind the
pair in vacuum but yields a bound state with
energy ∆ when coupled to the core. We note
that ∆ ∼ Λ, as pairing effects are one source of
the breakdown scale of the even-even nucleus.
The interaction between boson and fermion
degrees of freedom is most interesting. Two-
body terms of the structure Jˆ · jˆ and Nˆ nˆ couple
phonons to fermions. Here, the first term could
be referred to as a “Coriolis” interaction, be-
cause it couples the spin of the fermion to the
spin of the core. In addition to these interac-
tions there are three-body terms of the forms
Nˆ2nˆ, Jˆ2nˆ, and Nˆ nˆ(nˆ − 1). Here, the first two
three-body terms involve the annihilation and
creation of two phonons and are suppressed in
comparison to the three-body term involving
only one phonon. Thus, the leading-order inter-
actions between phonons and fermion degrees of
freedom are
Hb−f = gJj Jˆ · jˆ+ ω2Nˆ nˆ+ ω3Nˆ nˆ(nˆ− 1). (15)
We note that the three-body term ω3Nˆ nˆ(nˆ−1)
is only active when two fermions are coupled to
the vibrating core.
Let us attempt to establish a power counting
for operators involving fermion degrees of free-
dom. For an operator Oˆn with 2n fermion op-
erators, we propose its matrix elements to scale
as
〈Oˆn〉 ∼ 〈Oˆn−1〉ω
Λ
. (16)
This scaling is consistent with the energy spec-
tra of the systems we study. Thus, the terms
involving one fermion in the interaction Hamil-
tonian (15) scale as ω2/Λ.
Putting everything together, and restricting
ourselves to a single fermion, we arrive at the
Hamiltonian
H = Hb +Hf +Hb−f
= −Snˆ+HLO +HNLO +HNNLO, (17)
with
HLO ≡ ω1Nˆ , (18)
HNLO ≡ gJj Jˆ · jˆ+ ω2Nˆ nˆ (19)
and
HNNLO ≡ gN Nˆ2 + gvΛˆ2 + gJ Jˆ2. (20)
While the term −Snˆ in Eq. (17) sets the overall
binding with respect to the ground-state of the
vibrating core, it does not contain any spectro-
scopic information. We will therefore neglect
this term in what follows. The LO Hamilto-
nian (18) is that of a harmonic quadrupole vi-
brator, and energies are of the order ω. Higher-
order contributions to the Hamiltonian are most
interesting. The NLO Hamiltonian (19) ac-
counts for effects introduced by the phonon-
fermion couplings. We note that the size of
the boson-fermion interaction cannot be deter-
mined on theoretical grounds but must rather
be based on data. The empirical inspection of
spectra suggests that these phonon-fermion cou-
plings are a fraction of the scale ω. We approxi-
mate this scale as order ω2/Λ and thereby avoid
the introduction of a new small parameter. Be-
cause of this perturbative coupling we can as-
sociate low-lying states in certain odd-mass nu-
clei with the spectra in the neighboring even-
even nuclei. The NNLO Hamiltonian (20) in-
volves phonon-phonon interactions that account
for anharmonicities in the even-even nucleus.
We remind the reader that these terms are of
order ω3/Λ2 and have been discussed in detail
in Ref. [36].
Let us discuss the Hilbert space. The states
of the odd nucleus are products of the boson
quadrupole states and fermion states of the j =
1/2 orbital. As usual, the vacuum |0〉 fulfills
dµ|0〉 = 0 = aν |0〉. (21)
The boson states of the quadrupole vibrator
are created from the vacuum by the succes-
sive application of quadrupole creation opera-
tors. These states are denoted as
|NαvJµ〉. (22)
5Here N is the number of phonons, v is the se-
niority, J and µ are the angular momentum and
its projection onto the z-axis, respectively, while
α represents an additional quantum number.
This quantum number is only needed above the
two-phonon level and therefor not needed for
the low-energy physics we are interested in. We
will omit it in what follows. For details on the
construction of these states we refer the reader
to Ref. [9]. The single-fermion states are
| 12ν〉 ≡ a†ν |0〉. (23)
Normalized states of the odd-mass nucleus with
total spin I and projection M are
|IM ;NαvJ ; 12 〉 ≡
(|NαvJ〉 ⊗ | 12 〉)(I)M
=
∑
µν
CIMJµ 12ν
|NαvJµ〉| 12ν〉. (24)
The Hamiltonian (17) is diagonal in the basis
states (24) with eigenvalues
E = ELO + ENLO + ENNLO, (25)
with
ELO = ω1N, (26)
ENLO = ω2Nn+
gJj
2
[
I(I + 1)− J(J + 1)− 3
4
]
(27)
and
ENNLO = gNN
2+gvv(v+3)+gJJ(J+1). (28)
We remind the reader that we neglected the sep-
aration energy S, i.e., the ground-state ener-
gies of the even-even nucleus and of the odd-
mass nucleus are set to zero. Figure 1 shows a
schematic plot of the NLO energy spectrum (25)
up to the two-phonon level. States are labeled
by their spin and parity. Even-even states,
shown as long red lines, have integer spins
and positive parity. Odd-mass states, shown
as short blue lines, have half-integer spins and
the parity of the fermion’s orbital. (Odd-mass
states considered in what follows all have neg-
ative parities.) Energies are chosen in units of
ω1, and the LECs ω2 and gJj are small frac-
tions of this LEC. We see how the term propor-
tional to ω2 shifts the energies while the term
proportional to gJj splits even-even states with
finite spins into doublets in the odd-mass neigh-
bor. The “centers of gravity” from the shift are
shown as crosses in Fig. 1.
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FIG. 1. (Color online) NLO spectrum for the
fermion in a j = 1/2 orbital coupled to a quadrupole
vibrator up to the two-phonon level in arbitrary
units. The states labeled as Ipi, with pi being the
parity, are displayed as long red and short blue
lines for even-even and odd-mass nuclei, respec-
tively. The “centers of gravity” of the I = J ± j
odd-mass states are shown as blue crosses.
B. Uncertainty quantification
EFTs provide us with the opportunity to
quantify theoretical uncertainties. While the
power counting allows one to estimate uncer-
tainties in EFTs, quantified uncertainties re-
sult from (testable) assumptions one makes
about the distribution of the LECs [40] in
form of priors. Employing Bayesian statistics
(and marginalizing) over unknown parameters
included in these priors yields degree-of-belief
(DOB) intervals with a statistical meaning. In
this section, we closely follow Ref. [36] and
chose log-normal priors for the LECs’ distribu-
tion functions.
6The energies of the states below the break-
down scale can be written as an expansion of
the form
E(Ipi) = ω1
∞∑
i
ci(I
pi)εi (29)
with
ε ≡ N ω1
Λ
. (30)
In our case
ω1
Λ
≈ 1
3
. (31)
If the expansion is truncated at order O(ε2), a
comparison with the NNLO spectrum (25) al-
lows us to identify
c0(I
pi) ≡ ELO(I
pi)
ω1
, (32)
c1(I
pi) ≡ ENLO(I
pi)
εω1
(33)
and
c2(I
pi) ≡ ENNLO(I
pi)
ε2ω1
(34)
From the power counting one expects these co-
efficients to be of order O(1).
Figure 2 shows the cumulative distributions
of the c1 and c2 coefficients for the energies of
states below the breakdown scale in an ensemble
containing the data of all studied Pd and Ag
nuclei. These distributions, with means µ1 and
µ2, respectively, can be approximated by the
Gaussian prior
pr(G)(c˜i|c) = 1√
2pisc
e−
c˜2i
2s2c2 with s =
2
3
(35)
for the expansion coefficient ci = c˜i + µi. Here,
µi ≡ ci is the mean value of the ci. The param-
eter c, associated with the width of the distribu-
tion, is not taken from Fig. 2. Instead, we make
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FIG. 2. (Color online) Cumulative distributions of
the c1 (top) and c2 (bottom) coefficients for the
energies of states below breakdown in an ensemble
containing the data of all studied Pd and Ag nuclei.
These distributions, centered at µ1 and µ2, are ap-
proximated by Gaussian priors (shown as lines).
the assumption that c is log-normal distributed
according to
pr(c) =
1√
2piσc
e−
log2 c
2σ2 . (36)
The log normal distribution is consistent with
the EFT expectation that LECs are of natu-
ral size, i.e. that the coefficient c is of order
one [37]. Given the priors (35) and (36), one
calculates the probability distribution function
(PDF) for ci by marginalizing over the param-
eter c and finds
p(ci − µ) =
∞∫
0
dcpr(G)(ci − µi|c)pr(c). (37)
7The cumulative distribution for ci, denoted by
CDF(ci), is then given in terms of the PDF (37)
by
CDF(ci) =
ci∫
−∞
dxp(x− µi). (38)
Bayesian methods can be employed to quan-
tify the uncertainties associated to the ener-
gies [37, 40] at any order. From the EFT ex-
pansion for an observable
X = X0
∞∑
i
ciε
i, (39)
it is clear that an order-k calculation has a nor-
malized uncertainty that can be approximately
written as
∆(k) =
k+M∑
i=k+1
ciε
i. (40)
The PDF for the normalized uncertainty can
be calculated from the priors for the expansion
coefficients (35) and the width parameter (36)
via Bayesian methods. We employed the ex-
pressions given in Ref [36] to calculate the PDF
for the normalized uncertainty given the known
coefficients, denoted by p(∆|c0, . . . , ck), within
the next-term approximation, that is, setting
M = 1.
Given p(∆|c0, . . . , ck), the DOB of the inter-
val [α, β] is defined by
DOB(α, β) =
β∫
α
d∆p(∆|c0, . . . , ck). (41)
We employ an interval of the form [−δ, δ] with
DOB(−δ, δ) = 0.68 to quantify the uncertainty
∆X(k) associated to the order-k calculation for
X as
∆X(k) ≡ X0δ. (42)
Statistically, one expects 68% of the experimen-
tal data to fall within the theoretical uncer-
tainty quantified by this DOB interval.
C. Spectra
We need to adjust the LECs of our EFT
to data from an even-even and an odd-mass
nucleus simultaneously. The spectra of such
an even-even/odd-mass system must resemble
Eq. (25), schematically shown in Figure 1. We
recall that the EFT does not distinguish be-
tween a fermion particle or a fermion hole. This
allows us to describe the isotopes 107,109,111Ag
as a proton coupled to 106,108,110Pd or as a pro-
ton hole coupled to 108,110,112Cd. Assuming the
validity of our EFT approach, both descriptions
should agree within theoretical uncertainties.
Table I lists the LECs for the systems studied
in this work. Odd-mass nuclei in these systems
have Ipi = 1/2
−
ground states. The LECs were
fitted employing data for the energies of states
identified as one- or two-phonon levels. Most of
the states employed in the fit have definite as-
signments of spins and parities. For states with
tentative spins, we made the following assign-
ments: Ipi = 3/2
−
for the state at 410.9 keV in
99Rh; Ipi = 3/2
−
and Ipi = 7/2
−
for the states
at 305.4 and 851.3 keV in 101Rh, respectively;
Ipi = 7/2
−
for the state at 973.3 keV in 107Ag.
These assignments were based on the decay pat-
terns from these states to other phonon states
and they agree with tentative spin assignments.
The data were taken from Refs. [51–65].
Figures 3, 4, and 5 show the NNLO energy
spectra of the systems listed in Table I. In
these figures, even-even and odd-mass states
are shown on the left and right sides, respec-
tively. States employed to fit the LECs are
shown as thick black lines, while additional
states (with a definitely known spin/parity or
a single tentative spin/parity assignment) are
shown as thin black lines. Observed levels
with more than one tentative spin/parity as-
signment are not shown, and we limited our-
selves to negative-parity states in the odd-mass
nuclei. The NNLO energies (25) for the even-
even and odd-mass nuclei are shown as red
crosses. Uncertainties associated to these en-
ergies are shown as red shaded areas. From
the power counting, the next-to-next-to-next-
to-leading order (N3LO) corrections to the en-
8TABLE I. LECs in keV employed to generate the
NNLO spectra of selected even-even/odd-mass sys-
tems studied in this work.
System ω1 ω2 gJj gN gv gJ
98Ru/99Rh 570.4−231.3 6.8 45.3 9.3−0.1
100Ru/101Rh 376.6−204.0 19.9 94.3 27.2−6.7
102Ru/103Rh 341.3−141.9 24.9 83.2 9.3 2.2
104Pd/105Ag 439.3−157.1 34.5 115.8 −8.9 6.1
106Pd/107Ag 382.7−127.7 39.3 92.1 −6.5 10.5
108Cd/107Ag 576.1−249.9 39.3 142.1−30.6 6.2
108Pd/109Ag 407.6 −59.1 41.6 100.1−37.2 12.4
110Cd/109Ag 606.5−283.4 41.6 109.2−32.2 11.7
110Pd/111Ag 334.3 −22.4 40.7 92.1−32.0 12.5
112Cd/111Ag 543.9−265.6 40.7 82.7−21.1 12.4
ergies are expected to scale as ε3, see Eq. (31).
The uncertainties associated to the NNLO en-
ergies are quantified using this estimate and the
Bayesian method described in the previous sec-
tion as
∆ENNLO(I
pi) = ω1δ(I
pi), (43)
where δ comes from intervals with a 68% DOB.
Data tables show several states with tentative
spin assignments that would be consistent with
the theoretical results (where no bar is shown).
The comparison of Figs. 4 and 5 shows that
silver isotopes can be described either as a pro-
ton particle or a proton hole coupled to pal-
ladium or cadmium, respectively. In the latter
case, theoretical uncertainties are larger than in
the former, possibly because cadmium isotopes
have a lower breakdown scale for vibrations [36].
In order to illustrate the systematic improve-
ment of the EFT we show the LO, NLO and
NNLO energy spectra of the 108Pd/109Ag sys-
tem in Figure 6. The accuracy (agreement with
data) and the precision (decrease of theoretical
uncertainties) increase with increasing order of
the EFT. However, this comes at the cost of re-
duced predictive power as an increasing number
of LECs need to be adjusted to data.
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FIG. 3. (Color online) NNLO energy spectra of
Ru/Rh systems. Rh is described as a proton in
a jpi = 1/2− orbital coupled to a Ru core. Thick
black lines denote states employed to fit the LECs
while thin black lines denote states with a definitely
known spin or a single tentative spin-parity assign-
ment. Red crosses and shaded areas denote theo-
retical predictions and uncertainties, respectively.
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FIG. 4. (Color online) NNLO energy spectra of Pd/Ag systems. Ag is described as a proton in a jpi = 1/2−
orbital coupled to a Pd core. Thick black lines denote states employed to fit the LECs while thin black
lines denote states with a definitely known spin or a single tentative spin-parity assignment. Red crosses
and shaded areas denote theoretical predictions and uncertainties, respectively.
III. E2 OBSERVABLES
E2 transitions and moments result from the
minimal and nonminimal coupling of the effec-
tive degrees of freedom to gauge fields and elec-
tric fields, respectively. Due to Siegert’s theo-
rem, coupling to gauge fields ca also be rewrit-
ten as nonminimal couplings. The E2 operator
is is a spherical tensor of rank two. In this study
we are interested in the reduced E2 strengths
for transitions between states differing by none
or one phonon, and the static E2 moments. The
relevant terms of the E2 operator for the calcu-
lation of these observables are [36]
Qˆµ = Q0
(
d†µ + d˜µ
)
+Q1
(
d† ⊗ d˜
)(2)
µ
. (44)
Here Q0 and Q1 are LECs that must be fit to
data. From the power counting one expects Q1
to scale as
Q1 ∼
√
ω1
Λ
Q0 ∼
√
1
3
Q0. (45)
For the odd-mass nuclei we consider, the j = 1/2
orbital must couple to boson degrees of freedom
to obtain a rank-two tensor. Thus, we could re-
place Q0,1 in Eq. (44) by the linear combination
q0,1 + q˜0,1nˆ to include fermion effects. Based
on the power counting [recall the discussion of
the Hamiltonians (15) and (17)], the terms pro-
portional to nˆ are subleading corrections. This
agrees with our expectations: B(E2) strengths
associated with collective quadrupole transi-
tions in even-even nuclei are about tens of Weis-
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FIG. 5. (Color online) NNLO energy spectra of
Cd/Ag systems. Ag is described as a proton hole
in a jpi = 1/2− orbital coupled to a Cd core. Thick
black lines denote states employed to fit the LECs
while thin black lines denote states with a definitely
known spin or a single tentative spin-parity assign-
ment. Red crosses and shaded areas denote theo-
retical predictions and uncertainties, respectively.
skopf units in size and therefore much larger
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FIG. 6. (Color online) LO (top), NLO (center) and
NNLO (bottom) energy spectra of the 108Pd/109Ag
system. The systematic improvement inherent to
EFT approaches is evident.
than single-particle effects. Here, we limit our-
selves to the leading terms that change and pre-
serve phonon numbers. In Eq. (44) the corre-
sponding operators are proportional to Q0 and
Q1, respectively.
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The reduced E2 strength or B(E2) value
for the transition between the initial and final
states |i〉 and |f〉, respectively, is
B(E2; i→ f) =
∣∣∣〈f ||Qˆ||i〉∣∣∣2
2Ii + 1
. (46)
Here,
〈f ||Oˆ||i〉 =
√
2If + 1
C
IfMf
IiMiλMf−Mi
〈f |OˆMf−Mi |i〉 (47)
is the reduced matrix element of an spherical
operator Oˆ of rank λ. The static E2 moment of
the state Ii is defined as [9]
Q(Ii) =
√
16pi
5
CIIII20√
2I + 1
〈Ii||Qˆ||Ii〉. (48)
This definition is consistent when comparing
the diagonal reduced matrix elements of the
E2 operator in 106Pd and 108Pd reported in
Ref. [66] and the static E2 moments for the
same nuclei reported in Ref. [67].
A. Phonon-annihilating transition
strengths
The power counting establishes the transi-
tions between states differing by one phonon
as the strongest E2 observables. In what fol-
lows we discuss transitions in which one phonon
is annihilated. The term proportional to Q0
in the E2 operator (44) couples states that
differ by one phonon; thus, the E2 transition
strengths for one-phonon decays are governed
by this LEC. The reduced matrix elements re-
quired for their calculation are
〈I ′;N − 1; 0||Qˆ||I;N ; 0〉 = Q0
√
NΠI for N = 1, 2
〈I ′;N − 1; 12 ||Qˆ||I;NJ ; 12 〉 =

Q0ΠI for N = 1
Q0(−1)I
′+12
√
2ΠI′JI
{
2 2 J
1
2 I I
′
}
for N = 2
(49)
Here we used the shorthand
Πab...c ≡
√
(2a+ 1)(2b+ 1) . . . (2c+ 1). (50)
Table II lists the reduced matrix elements
for the transitions of interest resulting from
Eq. (49) in terms of the LEC Q0. NLO cor-
rections to these matrix elements are expected
to scale as ε. As a cautionary note we remark
that identical units have to be employed when
fitting Q0 to experimental data, and recall that
Weisskopf units depend on the number of nu-
cleons A for E2 transitions.
Tables III, IV, V and VI show LO results
for phonon-annihilating E2 transition strengths
in the 102Ru/103Rh, 106Pd/107Ag, 108Pd/109Ag,
and 110Cd/109Ag, respectively. The uncertain-
ties in these tables are quantified as Q20δ, and δ
comes from 68% DOB intervals. For the other
systems studied in this work, data on E2 transi-
tion strengths are insufficient to conduct a sim-
ilar analysis. It would be valuable to measure
E2 transition strengths in those systems in or-
der to further test the EFT.
Most of the available data on E2 transition
strengths were employed to fit the single LEC
Q0. The only exception was the (1/2)
1
2 → (5/2)−1
transition strength in 103Rh, which was ex-
cluded due to its unexpectedly large value. The
values of Q0 for the
102Ru/103Rh, 106Pd/107Ag,
108Pd/109Ag and 110Cd/109Ag systems are 0.28,
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TABLE II. Reduced matrix elements relevant for
phonon-annihilating transitions in units of Q0.
System Ii → If 〈f ||Qˆ||i〉
even-even 21 → 01
√
5
02 → 21
√
2
22 → 21
√
10
41 → 21
√
18
odd-mass 3
2 1
→ 1
2 1
2
5
2 1
→ 1
2 1
√
6
1
2 2
→ 3
2 1
−
√
8
5
1
2 2
→ 5
2 1
√
12
5
3
2 2
→ 3
2 1
√
28
5
3
2 2
→ 5
2 1
√
12
5
5
2 2
→ 3
2 1
−
√
12
5
5
2 2
→ 5
2 1
√
48
5
7
2 1
→ 3
2 1
√
72
5
7
2 1
→ 5
2 1
√
8
5
9
2 1
→ 5
2 1
√
20
TABLE III. Reduced transition probabilities
for phonon-annihilating E2 transitions in the
102Ru/103Rh system in Weisskopf units. The un-
certainty was quantified from 68% DOB intervals.
Nucleus Ipii → Ipif B(E2)exp B(E2)EFT
102Ru 2+1 → 0+1 45(1) 27(9)
0+2 → 2+1 35(6) 55(18)
2+2 → 2+1 32(5) 55(18)
4+1 → 2+1 66(11) 55(18)
103Rh 3
2
−
1
→ 1
2
−
1
36(4) 27(9)
5
2
−
1
→ 1
2
−
1
44(3) 27(9)
1
2
−
2
→ 3
2
−
1
22(18)
1
2
−
2
→ 5
2
−
1
486(90) 32(18)
3
2
−
2
→ 3
2
−
1
38(18)
3
2
−
2
→ 5
2
−
1
16(18)
5
2
−
2
→ 3
2
−
1
3(1) 11(18)
5
2
−
2
→ 5
2
−
1
4(1) 43(18)
7
2
−
1
→ 3
2
−
1
34(11) 48(18)
7
2
−
1
→ 5
2
−
1
5(18)
9
2
−
1
→ 5
2
−
1
46(7) 54(18)
TABLE IV. Reduced transition probabilities
for phonon-annihilating E2 transitions in the
106Pd/107Ag system in Weisskopf units. The un-
certainty was quantified from 68% DOB intervals.
Nucleus Ipii → Ipif B(E2)exp B(E2)EFT
106Pd 2+1 → 0+1 44(1) 35(12)
0+2 → 2+1 35(8) 69(23)
2+2 → 2+1 44(4) 69(23)
4+1 → 2+1 76(11) 69(23)
107Ag 3
2
−
1
→ 1
2
−
1
42(4) 34(11)
5
2
−
1
→ 1
2
−
1
43(3) 34(11)
1
2
−
2
→ 3
2
−
1
27(23)
1
2
−
2
→ 5
2
−
1
41(23)
3
2
−
2
→ 3
2
−
1
48(23)
3
2
−
2
→ 5
2
−
1
20(23)
5
2
−
2
→ 3
2
−
1
14(23)
5
2
−
2
→ 5
2
−
1
55(23)
7
2
−
1
→ 3
2
−
1
62(23)
7
2
−
1
→ 5
2
−
1
7(23)
9
2
−
1
→ 5
2
−
1
68(23)
TABLE V. Reduced transition probabilities
for phonon-annihilating E2 transitions in the
108Pd/109Ag system in Weisskopf units. The un-
certainty was quantified from 68% DOB intervals.
Nucleus Ipii → Ipif B(E2)exp B(E2)EFT
108Pd 2+1 → 0+1 49(1) 34(11)
0+2 → 2+1 52(5) 69(23)
2+2 → 2+1 71(5) 69(23)
4+1 → 2+1 73(8) 69(23)
109Ag 3
2
−
1
→ 1
2
−
1
40(40) 34(11)
5
2
−
1
→ 1
2
−
1
41(6) 34(11)
1
2
−
2
→ 3
2
−
1
27(23)
1
2
−
2
→ 5
2
−
1
41(23)
3
2
−
2
→ 3
2
−
1
49(24) 47(23)
3
2
−
2
→ 5
2
−
1
20(23)
5
2
−
2
→ 3
2
−
1
8(4) 14(23)
5
2
−
2
→ 5
2
−
1
10(7) 54(23)
7
2
−
1
→ 3
2
−
1
61(23)
7
2
−
1
→ 5
2
−
1
7(23)
9
2
−
1
→ 5
2
−
1
68(23)
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TABLE VI. Reduced transition probabilities
for phonon-annihilating E2 transitions in the
110Cd/109Ag system in Weisskopf units. The un-
certainty was quantified from 68% DOB intervals.
Nucleus Ipii → Ipif B(E2)exp B(E2)EFT
110Cd 2+1 → 0+1 27(1) 23(8)
0+2 → 2+1 46(15)
2+2 → 2+1 30(5) 46(15)
4+1 → 2+1 42(9) 46(15)
109Ag 3
2
−
1
→ 1
2
−
1
40(40) 23(8)
5
2
−
1
→ 1
2
−
1
41(6) 23(8)
1
2
−
2
→ 3
2
−
1
19(16)
1
2
−
2
→ 5
2
−
1
28(16)
3
2
−
2
→ 3
2
−
1
49(24) 33(16)
3
2
−
2
→ 5
2
−
1
14(16)
5
2
−
2
→ 3
2
−
1
8(4) 9(16)
5
2
−
2
→ 5
2
−
1
10(7) 37(16)
7
2
−
1
→ 3
2
−
1
42(16)
7
2
−
1
→ 5
2
−
1
5(16)
9
2
−
1
→ 5
2
−
1
47(16)
0.32, 0.32 and 0.27 eb, respectively. Note that
the transition strengths in 109Ag can be de-
scribed employing either108Pd or 110Cd as a
core. Both descriptions agree with each other
within theoretical uncertainties.
B. Static moments and phonon-conserving
transition strengths
The term proportional to Q1 in the E2 oper-
ator (44) couples states with the same number
of phonons. Thus, Q1 enters in the LO calcula-
tion of static E2 moments. The reduced matrix
elements associated to these observables are
〈I ′;N ; 0||Qˆ||I;N ; 0〉 =

0 for N = 0
Q1ΠI for N = 1
2Q1
√
5ΠI′I
{
2 2 2
2 I I ′
}
for N = 2
〈I ′;NJ ′; 12 ||Qˆ||I;NJ ; 12 〉 =

0 forN = 0
Q1(−1)I+
1
2
√
5ΠI′I
{
2 2 2
1
2 I I
′
}
for N = 1
2Q1(−1)I+
1
2
√
5ΠI′J′IJ
{
2 2 2
2 J ′ J
}{
2 J ′ J
1
2 I I
′
}
for N = 2
(51)
The static E2 moments and reduced matrix
elements required to calculate the E2 strengths
for transitions between two-phonon states at LO
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TABLE VII. Static E2 moments of states up to the
two-phonon level in units of Q1. The subindex i
indicates the position of the excited state.
System Ii Q(Ii)
even-even 21 8
√
2pi
35
22 − 247
√
2pi
35
41 16
√
2pi
35
odd-mass 3
2 1
28
5
√
2pi
35
5
2 1
8
√
2pi
35
3
2 2
− 12
5
√
2pi
35
5
2 2
− 24
7
√
2pi
35
7
2 1
44
3
√
2pi
35
9
2 1
16
√
2pi
35
TABLE VIII. Reduced matrix elements relevant for
phonon-conserving E2 transitions in units of Q1.
System Ii → If 〈f ||Qˆ||i〉
even-even 22 → 02 4
41 → 22 247
odd-mass 5
2 1
→ 3
2 1
−
√
24
5
3
2 2
→ 1
2 2
√
64
5
5
2 2
→ 1
2 2
√
96
5
5
2 2
→ 3
2 2
√
216
245
7
2 1
→ 3
2 2
√
2304
245
7
2 1
→ 5
2 2
√
256
245
9
2 1
→ 5
2 2
√
640
49
9
2 1
→ 7
2 1
−
√
880
147
are given in units of Q1 in Tables VII and VIII,
respectively. NLO corrections to these quanti-
ties are expected to scale as ε.
Our results for static E2 moments in the
102Ru/103Rh, 106Pd/107Ag and 108Pd/109Ag
systems are listed in Table IX, where the theo-
retical uncertainty for the state Ipi was quanti-
fied as
√
16pi/5(2I + 1)CIIII20Q0δ [in agreement
with the definition given in Eq. (48)], with δ
TABLE IX. Static E2 moments in some systems in
eb. The uncertainty was quantified from 68% DOB
intervals.
Nucleus Ipii Qexp QEFT
102Ru 2+1 −0.63(3) −0.41(6)
2+2 0.18(18)
4+1 −0.82(14)
103Rh 3
2
−
1
−0.3(2) −0.29(7)
5
2
−
1
−0.4(2) −0.41(6)
106Pd 2+1 −0.54(4) −0.50(7)
2+2 0.39(6) 0.21(20)
4+1 −0.79(11)−1.00(17)
107Ag 3
2
−
1
−0.35(8)
5
2
−
1
−0.50(7)
108Pd 2+1 −0.56(3) −0.57(7)
2+2 0.73(9) 0.24(20)
4+1 −0.78(11)−1.14(17)
109Ag 3
2
−
1
−0.7(3) −0.40(8)
5
2
−
1
−0.3(3) −0.57(6)
110Cd 2+1 −0.39(3) −0.57(7)
2+2 0.24(17)
4+1 −1.12(14)
109Ag 3
2
−
1
−0.7(3) −0.39(6)
5
2
−
1
−0.3(3) −0.56(6)
from 68% DOB intervals. All available data
from Refs. [66, 67] were used to fit the LEC
Q1 through weighted averages. Note that for
the studied systems the values for |Q1/Q0| of
0.87, 0.92 and 1.04, although large, are consis-
tent with the expected value of 0.58 for this
quantity. For comparison, a description of
109Ag as a proton-hole coupled to a 110Cd core
was also performed. This description is consis-
tent with the one describing 109Ag as a proton
coupled to a 108Pd core. In the former case
|Q1/Q0| = 1.23, probably larger than naively
expected from the EFT.
The expressions in Tables VII and VIII can
be used to relate different E2 observables. As
examples, static E2 moments and E2 transition
strengths are plotted as functions of Q(2+1 ) in
Figure 7. The theoretical uncertainties associ-
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FIG. 7. (Color online) Static E2 moments (top) and
E2 transitions strengths (bottom) as functions of
Q(2+1 ). The uncertainty quantified from 68% DOB
intervals is shown as error bands. Data for the
102Ru/103Rh, 106Pd/107Ag and 108Pd/109Ag sys-
tems are shown as diamonds, triangles, and circles,
respectively.
ated to these quantities, quantified using 68%
DOB intervals, are represented by bands. In
the top part of the figure, the static E2 mo-
ments of the 2+2 , 4
+
1 , (3/2)
−
1 and (5/2)
−
1 states
are shown as red, blue, green and purple lines,
respectively. In the bottom of the figure, the
E2 transition strengths for the 4+1 → 2+2 and
(5/2)−1 → (3/2)−1 transitions are shown as red
and green lines, respectively. Experimental
data for the 102Ru/103Rh, 106Pd/107Ag and
108Pd/109Ag systems are shown in the figure as
colored diamonds, triangles and circles, respec-
tively. For these systems, the relations plotted
in Figure 7 are fulfilled except for the ones in-
volving the 2+2 state.
IV. M1 OBSERVABLES
The magnetic dipole (M1) operator is a
spherical tensor of rank one. In our EFT, the
simplest rank-one operator is
µˆµ =µdJˆµ + µajˆµ
+
((
d† + d˜
)
⊗
(
µd1Jˆ+ µa1jˆ
))(1)
µ
.
(52)
The first and second terms on the right-hand
side of Eq. (52) preserve the phonon number,
and enter in the LO calculation of static M1
moments and phonon-conserving M1 transition
strengths. The last two terms enter in the LO
calculation of phonon-changing M1 transition
strengths.
Experimental data show that the typical size
for the static M1 moment of the even-even 2+1
state is about one nuclear magneton µN . This
observation and the fact that in even-even nuclei
〈I||Jˆ||I〉 =
√
I(I + 1)(2I + 1), (53)
allow us to estimate the scale for the LEC µd in
Eq. (52) as
µd ∼ 1
5
µN . (54)
The Schmidt value for the magnetic moment
of a proton in a jpi = 1/2
−
orbital is µp ≈
−0.26µN . In contrast to E2 phenomena, mag-
netic properties in vibrational nuclei are not col-
lective, and the contributions of the odd fermion
cannot be neglected. As will be shown in what
follows, the static M1 moment of the I = 1/2
ground state of the odd-mass nuclei calculated
from the operator (52) is µ(1/2) =
√
pi/3µa.
Thus, we naively estimate the value of µa as
µa ∼ µp. (55)
Static M1 moments for the ground state in
103Rh, 107Ag and 109Ag are consistent with this
estimate. It is important to realize that the
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LEC µa is neither equal nor simply related to
the Schmidt value. In the EFT considered in
this work, we couple a fermion with jpi = 1/2
−
(and not a free proton in a p wave) to a col-
lective state. We have no information about
any radial wave function of the coupled fermion,
and we have no operators to act on its spin and
its orbital angular momentum separately. The
coupling between the fermion and the core is
strong (as the separation energy S considerably
exceeds the energy scale ω of core excitations).
The result of the coupling is again a collec-
tive state, and renormalizations replace “bare”
quantities such as the proton’s magnetic mo-
ment by effective couplings. It is useful to con-
trast the EFT for vibrations in odd-mass nuclei
with halo EFT [28–30, 68] for odd-mass nuclei.
In halo EFT, a nucleon is very weakly bound
to a core, and S  ω holds. The nucleon’s
Schmidt value is the leading contribution to the
total magnetic moment, and subleading correc-
tions are of size S/ω  1 [69, 70].
Let us now turn to the phonon-changing
terms in Eq. (52) and discuss the size of the
LECs µd1 and µa1. Due to the absence of
strong collective effects in M1 observables, the
naive expectation is that transition matrix ele-
ments again are of single-particle size, i.e. sim-
ilar to µN or µp. Higher-order corrections
to the leading phonon-changing and phonon-
preserving terms of the M1 operator (52) en-
ter with increasing powers of boson or fermion
creation and annihilation operators. We expect
them to scale as ε and omit them in what fol-
lows.
The reduced transition probabilities for M1
transitions and static M1 moments are given
by [9]
B(M1; i→ f) = |〈f ||µˆ||i〉|
2
2Ii + 1
(56)
and
µ(I) =
√
4pi
3
CIIII10√
2I + 1
〈I||µˆ||I〉, (57)
respectively.
A. Static moments and phonon-conserving
transition strengths
The LO static M1 moments of even-even and
odd-mass nuclei can be calculated from the re-
duced matrix elements of the first and second
terms of the M1 operator (52). These are
〈I ′;N ; 0||µˆ||I;N ; 0〉 =

0 for N = 0
µd
√
I(I + 1)ΠI for N = 1
−2µd
√
30ΠI′I
{
1 2 2
2 I I ′
}
for N = 2
(58)
and
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〈I ′;N, J ′; 12 ||µˆ||I;NJ ; 12 〉 =

0 for N = 0
−µd(−1)I+
1
2
√
30ΠI′I
{
1 2 2
1
2 I I
′
}
for N = 1
2µd(−1)I+
1
2
√
30ΠI′J′IJ
{
1 2 2
2 J ′ J
}{
1 J ′ J
1
2 I I
′
}
for N = 2
+

µa
√
3
2 for N = 0
−µa(−1)I
′+12
√
3
2ΠI′I
{
1 12
1
2
2 I I ′
}
for N = 1
−µa(−1)I
′+12
√
3
2ΠI′I
{
1 12
1
2
J I I ′
}
δJJ′ for N = 2
(59)
TABLE X. Static M1 moments of states up to the
two-phonon level in terms of µd and µa.
System I µ(I)
even-even 2 4
√
pi
3
µd
4 8
√
pi
3
µd
odd-mass 1
2
√
pi
3
µa
3
2
18
5
√
pi
3
µd − 35
√
pi
3
µa
5
2
4
√
pi
3
µd +
√
pi
3
µa
7
2
70
9
√
pi
3
µd − 79
√
pi
3
µa
9
2
8
√
pi
3
µd +
√
pi
3
µa
Results are listed in Table X. These terms of the
M1 operator (52) couple states with the same
number of phonons, and enter in the LO cal-
culation of the allowed phonon-conserving M1
transition strengths in odd-mass nuclei. The
reduced matrix elements employed to calculate
these observables are listed in Table XI.
Our results for static M1 moments in the
102Ru/103Rh, 106Pd/107Ag and 108Pd/109Ag
systems, with uncertainties quantified as√
4pi/3(2I + 1)CIIII10µdδ [in agreement with the
TABLE XI. Reduced matrix elements relevant for
phonon-conserving M1 transitions in terms of µd
and µa.
System Ii → If 〈f ||µˆ||i〉
odd-mass 5
2
→ 3
2
−
√
12
5
µd +
√
12
5
µa
9
2
→ 7
2
−
√
40
9
µd +
√
40
9
µa
definition given in Eq. (57)], where δ comes from
intervals with a 68% DOB, are listed in Ta-
ble XII. Most experimental values in the table
are weighted averages of data from Refs. [66, 67,
71]. The static M1 moment of the Ipi = 1/2
−
ground state in 103Rh was taken from Ref. [72].
For each system, we adjusted the LECs µd and
µa to the static M1 moments of the even-even
2+1 and odd-mass (1/2)
pi
1 states, respectively. No-
tice that the values for µd of 0.21, 0.19 and
0.17µN in the
102Ru/103Rh, 106Pd/107Ag and
108Pd/109Ag systems, respectively, are all con-
sistent with the naive estimate 0.2µN . Simi-
larly, the values for µa of −0.09, −0.11 and
−0.13µN are all consistent with the Schmidt
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TABLE XII. Static M1 moments in the
102Ru/103Rh, 106Pd/107Ag and 108Pd/109Ag
systems in units of µN . Values marked with
an asterisk were employed to fit the LECs.
The uncertainty was quantified from 68% DOB
intervals.
Nucleus Ipii µexp(I
pi
i ) µEFT(I
pi
i )
102Ru 2+1 0.85(3)
∗ 0.85(5)
2+2 0.85(10)
4+1 1.70(8)
103Rh 1
2 1
−0.088∗ −0.088
3
2 1
0.77(7) 0.81(5)
5
2 1
1.08(4) 0.76(5)
7
2 1
2.0(6) 1.7(1)
9
2 1
2.8(5) 1.6(1)
106Pd 2+1 0.79(2)
∗ 0.79(5)
2+2 0.71(10) 0.79(10)
4+1 1.8(4) 1.58(8)
107Ag 1
2 1
−0.11∗ −0.11
3
2 1
0.98(9) 0.78(5)
5
2 1
1.02(9) 0.68(4)
7
2 1
1.6(1)
9
2 1
1.5(1)
108Pd 2+1 0.71(2)
∗ 0.71(4)
2+2 0.71(9)
4+1 1.42(7)
109Ag 1
2 1
−0.13∗ −0.13
3
2 1
1.10(10) 0.72(5)
5
2 1
0.85(8) 0.58(4)
7
2 1
1.5(1)
9
2 1
1.3(1)
value µp = −0.26µN .
Table XIII lists our results for phonon-
conserving M1 transition strengths in the stud-
ied odd-mass nuclei, with uncertainties quanti-
fied as µ2dδ/(2Ii + 1), where δ comes from inter-
vals with a 68% DOB. The sparse available data
on phonon-conserving M1 transition strengths
are consistent with the EFT predictions.
TABLE XIII. Reduced transition probabilities for
phonon-conserving M1 transitions in Weisskopf
units. The uncertainty was quantified from 68%
DOB intervals.
Nucleus Ipii → Ipif B(M1)exp B(M1)EFT
103Rh 5
2
−
1
→ 3
2
−
1
0.034(2)
5
2
−
2
→ 3
2
−
2
0.034(5)
9
2
−
1
→ 7
2
−
1
0.038(3)
107Ag 5
2
−
1
→ 3
2
−
1
0.033(4) 0.036(2)
5
2
−
2
→ 3
2
−
2
0.036(4)
9
2
−
1
→ 7
2
−
1
0.040(2)
109Ag 5
2
−
1
→ 3
2
−
1
0.043(7) 0.036(2)
5
2
−
2
→ 3
2
−
2
0.036(3)
9
2
−
1
→ 7
2
−
1
0.040(2)
B. Phonon-annihilating transition
strengths
The last two terms of the M1 operator (52)
couple states whose number of phonons differ
by one. Their reduced matrix elements allow
us to calculate phonon-annihilating M1 transi-
tion strengths at LO. In even-even nuclei, these
transitions are higher order effects, as discussed
in Ref. [36]. The reduced matrix elements of
these terms in odd-mass nuclei are
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〈I ′;N − 1, J ′; 12 ||µˆ||I;NJ ; 12 〉 =

0 for N = 1
6µd1(−1)I+
1
2
√
5ΠI′IJ
{
2 2 J
2 1 1
}{
I I ′ 1
2 J 12
}
for N = 2
+

−µa1(−1)I+j
√
9
2ΠI
{
1 1 2
1
2 I I
′
}
for N = 1
3µaΠI′IJ

I ′ 2 12
I J 12
1 2 1
 for N = 2
(60)
TABLE XIV. Reduced matrix elements relevant for
phonon-annihilating M1 transitions in terms of µd1
and µa1.
System Ii → If 〈f ||µˆ||i〉
odd-mass 3
2 1
→ 1
2 1
−
√
3
2
µa1
1
2 2
→ 3
2 1
√
3
5
µa1
3
2 2
→ 3
2 1
− 3
5
√
42µd1 +
1
5
√
42µa1
3
2 2
→ 5
2 1
− 1
5
√
42µd1 − 110
√
42µa1
5
2 2
→ 3
2 1
1
5
√
42µd1 +
1
10
√
42µa1
5
2 2
→ 5
2 1
− 14
5
√
3µd1 − 25
√
3µa1
7
2 1
→ 5
2 1
−
√
27
5
µa1
The relevant matrix elements for the calcula-
tion of these observables in odd-mass nuclei are
listed in Table XIV.
In Table XV we present our results for
phonon-annihilating M1 transition strengths in
103Rh and 109Ag, with uncertainties quanti-
fied as µ2a1δ/(2Ii + 1), where δ comes from
68% DOB intervals. All available data from
Refs. [56, 63] were employed to fit the LECs.
For 103Rh and 109Ag we find values for µd1 of
0.0µN and 0.08µN , and values for µa1 of 0.68µN
and 0.76µN , respectively. The small values for
µd1, although smaller than naively expected, re-
flect the fact that M1 transitions in even-even
nuclei are higher order effects. The values for
TABLE XV. Reduced transition probabilities for
phonon-annihilating M1 transitions in 103Rh and
109Ag in Weisskopf units. The uncertainty was
quantified from 68% DOB intervals.
Nucleus Ipii → Ipif B(M1)exp B(M1)EFT
103Rh 3
2
−
1
→ 1
2
−
1
0.12(1) 0.10(2)
1
2
−
2
→ 3
2
−
1
0.08(8)
3
2
−
2
→ 3
2
−
1
0.10(4)
3
2
−
2
→ 5
2
−
1
0.03(4)
5
2
−
2
→ 3
2
−
1
0.014(2) 0.018(28)
5
2
−
2
→ 5
2
−
1
0.020(3) 0.023(28)
7
2
−
1
→ 5
2
−
1
0.17(2)
109Ag 3
2
−
1
→ 1
2
−
1
0.117(15) 0.122(27)
1
2
−
2
→ 3
2
−
1
0.10(11)
3
2
−
2
→ 3
2
−
1
0.16(7) 0.07(5)
3
2
−
2
→ 5
2
−
1
0.05(5)
5
2
−
2
→ 3
2
−
1
0.036(16) 0.033(36)
5
2
−
2
→ 5
2
−
1
0.10(4) 0.07(4)
7
2
−
1
→ 5
2
−
1
0.22(3)
µa1 are consistent with the naive estimates. Our
results are in agreement with the sparse exper-
imental data on phonon-annihilating M1 tran-
sition strengths.
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V. DISCUSSION OF ODD-MASS
CADMIUM ISOTOPES
The results presented for spectra, E2 mo-
ments and transitions, and M1 moments and
transitions suggest that an EFT approach to
odd-mass nuclei yields a consistent description
of low-energy data. Admittedly, the agreement
between theory and data is also due to the rela-
tively large experimental and theoretical uncer-
tainties. More precise data is necessary to really
probe the theory, and to motivate the compu-
tation of higher-order corrections.
Technically, the EFT we considered falls
in the category of “particle-vibrator” models.
Very recently, Stuchbery et al. [49] measured
g factors of the odd isotopes 111,113Cd and
found that the specific particle-vibrator model
of Ref. [73] failed to capture key aspects of
the data. A second attempt to describe these
cadmium isotopes was then made within the
particle-rotor (PR) model described in Ref. [74].
What would an EFT approach yield for these
isotopes? The 111,113Cd nuclei have Ipi = 1/2
+
ground states, and some low-lying levels can be
viewed as the result of a jpi = 1/2
+
neutron cou-
pled to the collective excitations of 110,112Cd.
In addition to the jpi = 1/2
+
orbital, one also
has to include a very low-lying jpi = 5/2
+
or-
bital in the description. Let the fermion cre-
ation operators a†ν with ν = −1/2, 1/2 and b†µ
with µ = −5/2,−3/2, . . . , 5/2 create a fermion in
the jpi = 1/2
+
and jpi = 5/2
+
orbital, respec-
tively. The LO Hamiltonian that governs the
interactions between the fermion degrees of free-
dom and the quadrupole bosons is
Habd = −S(nˆa + nˆb)
+ω1Nˆ + ωbnˆb
+gdaJˆ · jˆa + gdbJˆ · jˆb
+ω2aNˆ nˆa + ω2bNˆ nˆb. (61)
Here, we used the operators
nˆa ≡ a† · a˜, (62)
nˆb ≡ b† · b˜, (63)
jˆa ≡ 1√
2
(
a† ⊗ a˜)(1) , (64)
jˆb ≡
√
70
2
(
b† ⊗ b˜
)(1)
. (65)
In the Hamiltonian (61) we omitted terms that
are quartic in the boson operators. As before, S
denotes the separation energy and is the largest
energy scale in the Hamiltonian. The differ-
ence between the separation energies of the a
and b fermions is denoted as ωb ≈ 0.3 MeV,
and is similar in size as ω1. Interactions be-
tween the fermion orbitals are smaller correc-
tions and omitted. The Hamiltonian (61) sim-
ply describes two fermion orbitals that interact
with the quadrupole bosons but do not inter-
act with each other. Its eigenstates are simple
product states.
Within this EFT, the phonon-conserving part
of the M1 operator has the leading terms
µˆ = µdJˆ+ µajˆa + µbjˆb. (66)
Stuchbery et al. found the static M1 moments
of the ground state |(1/2)+1 〉 = a†|0〉 and the
excited states
| ( 52)+1 〉 = b†|0〉 and |I+f 〉 = (d† ⊗ f†)(I) |0〉,
(67)
with f = a, b and I = 3/2, 5/2, of particular in-
terest. For these states we have
〈( 12)+1 ||µˆ|| ( 12)+1 〉 =µa
√
3
2
〈( 52)+1 ||µˆ|| ( 52)+1 〉 =µb
√
105
2
〈I+f ||µˆ||I+f 〉 =µdΠi
I(I + 1)− F (jf )
2
√
I(I + 1)
+ µfΠI
I(I + 1) + F (jf )
2
√
I(I + 1)
.
(68)
Here F (jf ) ≡ jf (jf + 1) − 6. The static M1
moments of Ipi = 1/2
+
, 3/2
+
, 5/2
+
states in odd-
mass cadmium isotopes that result from the
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coupling of the a neutron to the even-even core
are given by the expressions listed in Table X.
The static M1 moments of state resulting from
the coupling of the b neutron to the core are
µ
((
5
2
)+
1
)
=5
√
pi
3
µb,
µ
((
3
2
)+
b
)
=
2
5
√
pi
3
µd +
13
5
√
pi
3
µb
µ
((
5
2
)+
b
)
=
12
7
√
pi
3
µd +
23
7
√
pi
3
µb
(69)
One can adjust the LECs µd, µa and µb to
the static M1 moments of the even-even 2+1 and
odd-mass (1/2)+1 and (5/2)
+
1 states, respectively,
and predict the staticM1 moments of the rest of
the excited states. Our results for the static M1
moments in the 110Cd/111Cd and 112Cd/113Cd
systems are listed in Table XVI together with
those of Ref. [49] calculated within the PR
model of Ref. [74]. Theoretical uncertain-
ties were quantified as
√
4pi/3(2I + 1)CIIII10µaδ,
where δ comes from intervals with a 68% DOB.
Experimental data for the even-even nuclei were
taken from Refs. [51, 65], leading to values for
µd of 0.13 and 0.16µN in agreement with the
naive expectation for the size of this LEC. Ex-
perimental data for states in the odd-mass nu-
clei were taken from Refs. [49, 61, 75]. Static
M1 moments were calculated from the g fac-
tors of Ref. [49] as
µ(Ipi) = gI. (70)
The values for µa of −0.58 and −0.61µN
are small, but still consistent with the Schmidt
value for a neutron in a jpi = 1/2
+
orbital
given by µn ≈ −1.91µN . The static M1
moment of the (5/2)+1 state in
113Cd was as-
sumed to be equal to that of the (5/2)+1 state
in 111Cd [61]. Thus, for both cadmium systems
µb ≈ −0.15µN . The static M1 moments of the
ground states in both odd-mass cadmium iso-
topes are well reproduced by the EFT and the
PR model, although in the former case this is
attributable to the fact that the static M1 mo-
ment of the ground state is employed to fit one
of the LECs. For 111Cd, the static M1 moment
TABLE XVI. Static M1 moments in the
110Cd/111Cd and 112Cd/113Cd systems in units
of µN . The static M1 moments labeled as µPR
were taken from Ref. [49] and calculated within
the PR model of Ref. [74]. Values marked with an
asterisk were employed to fit the LECs of the EFT.
The uncertainty was quantified from 68% DOB
intervals.
Nucleus Ipii µPR(I
pi
i ) µexp(I
pi
i ) µEFT(I
pi
i )
110Cd 2+1 0.52(4)
∗ 0.52(14)
2+2 0.52(28)
4+1 1.0(2)
111Cd 1
2 1
−0.62 −0.59∗ −0.59
3
2 1
0.9 0.9(6) 0.8(1)
5
2 2
0.8 0.5(1) −0.07(14)
112Cd 2+1 0.64(16)
∗ 0.64(15)
2+2 0.64(30)
4+1 1.3(2)
113Cd 1
2 1
−0.56 −0.62∗ −0.62
5
2 1
−0.77∗ −0.77
3
2 1
0.8 −0.6(10) 0.9(2)a
−0.3(1)b
5
2 2
0.65 0.35(10) 0.02(14)
3
2 2
1.2 2.1(6) 0.9(2)
a Value obtained assuming the state results from the
coupling of a jpi = 1/2+ proton to the core.
b Value obtained assuming the state results from the
coupling of a jpi = 5/2+ proton to the core.
of the (3/2)+1 state is described by both the EFT
and the PR model. This is not the case for the
static M1 moment of the (5/2)+2 state, which is
underpredicted by the EFT and overpredicted
by the PR model. For 113Cd, the static M1 mo-
ment of the (3/2)+1 state is overpredicted by both
the PR model and the EFT unless we assume
that this state results from the coupling of the
b neutron to the one-phonon state of the even-
even core. The static M1 moment of the (5/2)+2
is underpredicted by the EFT and overpredicted
by the PR model, while the static M1 moment
of the (3/2)+2 state is underpredicted by both
the EFT and the PR model. Thus the EFT
and the PR model both yield a fair description
of the data.
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VI. SUMMARY
We have developed an EFT for the simulta-
neous description of spherical even-even/odd-
mass systems in terms of a fermion j = 1/2 de-
gree of freedom coupled to the quadrupole de-
grees of freedom of the even-even core. Taking
the breakdown scale around the three-phonon
level in the even-even core we systematically ex-
pand energies and electromagnetic observables
of states up to the two-phonon level in terms
of the ratio between the corresponding energy
and the breakdown scale. In the studied odd-
mass isotopes of rhodium and silver, predic-
tions for energy spectra and electromagnetic
moments and transitions strengths are consis-
tent with experimental data within the theoret-
ical uncertainties quantified via Bayesian meth-
ods. The static E2 moments of excited states
and phonon-conserving E2 transition strengths
in the even-even and odd-mass nuclei follow the
LO relations predicted by the EFT. While most
of the data is consistently described for LECs of
natural size, the strengths of phonon-conserving
M1 transitions seems to be underpredicted by
a factor of about two within the EFT. More
experimental data on these transitions and/or
data with an increased precision would be valu-
able to further test the EFT developed in this
work.
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